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In this paper, decoherence is studied for quantum systems undergoing adiabatic processes, which
are coupled to huge quantum environments. It is shown that decoherence can happen with respect to
a preferred basis given by transient self-Hamiltonian. This result can be used to justify a most-often-
used definition of quantum work for a system undergoing an adiabatic process, without resorting to
measurement.
I. INTRODUCTION
Quantum work is a notion, which has attracted lots
of attentions and investigations in recent years (see, e.g.,
Ref.[1] and references therein). A most-often-used defini-
tion is via two-point energy measurements, in which pro-
jective energy measurements are performed at the initial
and final times for a driving process, and the quantum
work is computed by the difference of the measured en-
ergies at the two times [2–4]. A merit of this definition
is that the statistics of work complies with the fluctua-
tion theorems of Jarzynski [5] and Crooks [6]. Recently,
this definition is further justified from the angle of the
quantum-classical correspondence principle in integrable
[7], chaotic [8], and many-body systems [9].
However, in the conceptual aspect, further justification
is still needed for the use of projective measurements,
which involves collapse of state vectors and may lead to
interpretational difficulty. In fact, in a intuitive under-
standing of thermodynamic work, the work should be
computable from properties of a given process, indepen-
dent of whether the work is really measured or not. A
crucial point is that, unlike in classical mechanics, a mea-
surement on a quantum system usually modifies the state
of the system and, as a result, it may change the subse-
quent evolution of the system.
To get a deeper understanding of quantum work, one
may consider the evolution of a total system, including
the studied system and its environment. Indeed, a driven
system must be driven by some part of its environment
and a measurement on it must be performed by a device
in its environment. A key point lies in a phenomenon
well-known for open quantum systems, namely, decoher-
ence [10, 11]. In fact, when decoherence has happened
such that the reduced density matrix (RDM) of the stud-
ied system becomes diagonal in the eigenbasis of itself
Hamiltonian [12, 13], the RDM has a mixture form and
supplies the same information about the energy of the
system as that obtained from projective energy measure-
ments.
In this paper, we show that the above-discussed deco-
herence can indeed happen for a driven system under-
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going an adiabatic process, with the total system un-
dergoing a Schro¨dinger evolution. For such an adiabatic
process, since there is no heat transfer, the energy change
can be identified with the work done. Then, the quan-
tum work can be computed, without resorting to mea-
surements, and the result coincides with that given by
the two-point energy-measurement definition discussed
above. The paper is organized as follows. In Sec.II, we
discuss the setup of the problem, in particular, we write
the total Hamiltonian in a form appropriate for the study
of adiabatic processes. Decoherence effects are discussed
in Sec.III and conclusions are given in Sec.IV.
II. THE FORM OF THE TOTAL
HAMILTONIAN FOR ADIABATIC PROCESS
We use S to denote the studied system, which is cou-
pled to a huge environment denoted by E . The total
system is governed by a Hamiltonian,
H = HS +HI +HE , (1)
HI = H
S
I ⊗HEI , (2)
where for the simplicity in discussion we have assumed
that the interaction Hamiltonian HI has a direct-product
form. Schro¨dinger evolution of the total system is writ-
ten as |Ψ(t)〉 = e−iHt|Ψ(0)〉. The corresponding density
operator is written as ρ = |Ψ〉〈Ψ|. The system S is de-
scribed by its RDM, denoted by ρS , ρS ≡ TrEρ.
We assume that the environment can be divided into
two parts, denoted by E1 and E2. The part E1 is small
and undergoes a regular motion, for which the expecta-
tion value of certain observable (such as the position of
a piston) can be regarded as a controlling parameter for
the system S. While, the part E2 is a huge, quantum
chaotic system, as the main body of the environment.
Accordingly, HEI and HE are written as
HEI = H
E1
I ⊗HE2I , (3)
HE = HE1 ⊗ IE2 + IE1 ⊗HE2 , (4)
where IE1 and IE2 indicate identity operators in the sub-
spaces for the two parts of the environment. We assume
that the chaotic motion of E2 has negligible influence in
the motion of E1, such that the interaction between the
2two parts of the environment can be neglected in our
study.
As well known, under the same total Hamiltonian,
there is some freedom in choosing the form of the self-
Hamiltonian of the system S and the interaction Hamil-
tonian. In the study of decoherence, the most appro-
priate division of these two parts of the total Hamilto-
nian can be made, according to the so-called preferred
(pointer) basis of the system (if such a basis exists), in
which the RDM keeps a diagonal form [12, 13]. Below,
we discuss this division and use it to determine a con-
trolling parameter for an adiabatic process of the system
S.
A system, which initially lies in an equilibrium state
and undergoes an adiabatic process, should remain in a
quasi-equilibrium state during the time evolution. This
quasi-equilibrium state is approximately a steady state.
Preferred basis for steady states has been studied in
Ref.[14]. There, it is shown that, for a system coupled to
a huge, chaotic quantum environment, if TrE(HI) = 0,
then, a steady state ρS should be commutable with the
self-Hamiltonian HS , with an error scaling as N
−1/2
E
,
where NE is the dimension of the Hilbert space of the
environment. In the case that ρS is not close to the iden-
tity operator, this result implies that the eigenbasis of
the self-Hamiltonian should supply a preferred basis.
In the derivation of the above result, the quantum mo-
tion of the environment is assumed to explore the whole
energy region. In the situation considered here, the quan-
tum motion of the chaotic part of the environment is usu-
ally restricted within a narrow energy region and, hence,
within a subspace of its Hilbert space. It is reasonable
to assume that the dimension of this subspace, denoted
by N
E˜2
, is much larger than the dimension of the Hilbert
space of the system S. We use Tr
E˜2
(HE2I ) to denote the
trace of HE2I in this subspace. Then, a generalization of
the above-discussed result of Ref.[14] states that, when
Tr
E˜2
(HE2I ) = 0, the RDM ρ
S should be commutable with
HS with an error scaling as N
−1/2
E˜2
.
In a generic situation, one may have Tr
E˜2
(HE2I ) 6= 0.
This generic case can be treated by a method discussed
in Ref.[14], in which a renormalized self-Hamiltonian,
denoted by HrS , and a renormalized interaction Hamil-
tonian, denoted by HrI , are introduced, with the total
Hamiltonian unchanged. Specifically,
HrS = HS +H
S
I 〈HEI 〉, (5)
HrI = H
S
I ⊗ (HEI − 〈HEI 〉), (6)
where 〈HEI 〉 indicates certain average of HEI , which is
equal to TrE(H
E
I ) in the case discussed in Ref.[14].
To study an adiabatic process, we assume that HE1I for
the regular part of the environment can be replaced ap-
proximately by its expectation value; for example, in the
case of a piston, it may be given by the expectation value
of its position. We use λ(t) to indicate this expectation
value. Then, 〈HEI 〉 can be written as 〈HEI 〉 = λ(t)〈H E˜2I 〉,
where 〈H E˜2I 〉 ≡ TrE˜2(H
E2
I ). As a result, the total Hamil-
tonian is written as
H(t) = HrS(t) + λ(t)H
r2
I (t) +HE , (7)
where
HrS(t) = HS + λ(t)〈H E˜2I 〉HSI , (8)
Hr2I = H
S
I
[
HE2I − 〈H E˜2I 〉
]
. (9)
In the specific case that the interaction term
λ(t)Hr2I (t) is sufficiently weak and has negligible influ-
ence in the evolution of the system S, one may neglect
this term and consider Schro¨dinger evolution of S under a
Hamiltonian HrS . If, furthermore, the value of λ changes
very slowly with the time t, the system S will undergo
an ordinary adiabatic process. However, generically, the
term λ(t)Hr2I (t) can not be neglected, particularly when
discussing decoherence effects. In this case, in the study
of an adiabatic process of the system S, we still assume
that the term λ(t)Hr2I be quite weak.
III. DECOHERENCE DURING AN ADIABATIC
PROCESS
In this section, we show that decoherence may happen
with respect to the eigenbasis of HrS . Let us consider the
time evolution of the total system within two fixed times
t0 and t1, between which λ(t) changes slowly. We divide
the total Hamiltonian into two parts, an unperturbed
part H0 and a perturbation ǫH1,
H = H0 + ǫH1, (10)
where
H0 = H
r
S(t0) +HE , (11)
ǫH1 = ∆HS + λ(t)H
r2
I . (12)
Here,
∆HS = H
r
S(t)−HrS(t0) = (λ(t) − λ(t0))〈HE2I 〉HSI .
(13)
As discussed above, λ(t)Hr2I is a quite weak perturbation,
meanwhile, due to the slow variation of λ, ∆HS is also
small. Hence, ǫH1 is a quite weak perturbation and it
proves convenient to set ǫ a small parameter.
When the variation rate, dλ/dt, is sufficient small, the
term ∆HS can be neglected for a given period [t0, t1] and
the perturbation can be written in a time-independent
form,
ǫH1 = λ(t0)H
r2
I , (14)
where we have neglected possible time-dependence of
〈H E˜2I 〉. Let us use |α〉 to denote eigenstates of HrS(t0),
HrS(t0)|α〉 = Eα|α〉. (15)
3Elements of the RDM in this basis are written as ρSαβ ≡
〈α|ρS |β〉.
Suppose that the perturbation ǫH1 is sufficiently weak
such that, in the perturbation expansion for the transi-
tion among the states |α〉, contributions from the second
and higher-order terms can be neglected. In this situa-
tion, results given in Ref.[13] are directly applicable. To
present these results, it proves convenient to introduce
an operator V in the Hilbert space for the environment,
related to two states |α〉 and β of the system S, namely,
V ≡ 〈β|H1|β〉 − 〈α|H1|α〉. (16)
A perturbative border ǫp is of relevance, which can be
estimated by the following relation,
2πǫpV 2nd ∼ σv∆, (17)
where V 2nd indicates the average of |〈n|V |n′〉|2 with n 6=
n′, ∆ is the mean level spacing of Heff
Eα , defined by
Heff
Eα = HE + ǫ〈α|H1|α〉, (18)
and σ2v is the variance of 〈n|V |n〉. Here, |n〉 denotes eigen-
states of Heff
Eα [15].
For a weak perturbation such that ǫ < ǫp, as discussed
in Ref.[13],
|ρsαβ(t)| ∼ exp
(−ǫ2σ2vt2/2~2
)
, (19)
which gives a decoherence rate Rd,
Rd ≃ ǫσv/(
√
2~) ∝ ǫ. (20)
Meanwhile, the transition between the states |α〉 can be
estimated by Fermi’s golden rule. Let |µE〉 be eigen-
states of HE and 〈H21,nd〉 be the mean square of the non-
diagonal matrix elements 〈α′|〈µ′
E
|H1|µE〉|α〉 (α 6= α′).
Then, Fermi’s golden rule predicts that the transition
rate RE is given by
RE = 2πǫ
2ρE〈H21,nd〉/~ ∝ ǫ2, (21)
where ρE indicates the density of states of the total sys-
tem.
For sufficiently small ǫ, Eqs.(20)-(21) show that Rd ≫
RE , that is, the decoherence rate is much larger than
the transition rate. As a consequence, whenever the
RDMmay have nonnegligible off-diagonal elements in the
eigenbasis of the Hamiltonian HrS(t), these off-diagonal
elements will decay to very small values, before notable
transition among the states |α〉 shows up. Therefore,
for an adiabatic process, if initially the RDM of the sys-
tem S has a diagonal form in the eigenbasis of HrS(0), it
will keep an approximately-diagonal form in the eigen-
basis of HrS(t); if initially the RDM has nonnegligible
off-diagonal elements in the eigenbasis of HrS(0), these
elements will decay to quite small values and then the
RMD will keep an approximately-diagonal form in the
eigenbasis of HrS(t).
The above results imply that, if initially the RDM of
the system S is described by a Gibbs state, then, for
later times of an adiabatic process, the RDM should be
described by a mixture, in which the system lies in a
state |α(t)〉 with a probability ρSαα, where |α(t)〉 indicate
eigenstates of HrS(t). It is clear that the energy change
computed from this mixture at difference times can be
interpreted as quantum work, as assumed in the defini-
tion of quantum work discussed in the beginning of this
paper.
IV. CONCLUSION
To summarize, in this paper it is shown that for a
quantum system undergoing an adiabatic process, which
is coupled to a huge quantum environment, decoherence
can happen with respect to a preferred basis given by
the eigenbasis of its transient self-Hamiltonian. This re-
sult can be used to justify a most-often-used definition of
quantum work done during an adiabatic process, without
resorting to measurement.
It is not difficult to see that the method discussed in
this paper is also useful for a more generic process, which
is composed of some adiabatic parts and some nonadia-
batic parts. Decoherence may happen within the adia-
batic parts of the process (if they are sufficiently long)
and quantum work can be computed in a similar way for
these parts. But, for times within the nonadiabatic parts,
further investigation is needed in order to know whether
the method discussed in this paper can be useful.
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